We study a singular perturbation problem for a certain type of reaction di usion equation with a space-dependent reaction term. We compare the e ect that the presence of boundary layers versus internal layers has on the existence and stability of stationary solutions. In particular, we show that the associated eigenvalues are of di erent orders of magnitude for the two kinds of layers.
Introduction
In 3], Hale and Sakamoto studied the parabolic equation u t = 2 u xx + f(x; u); ?1 < x < 1; t 0; > 0;
with homogeneous Neumann boundary conditions u x (?1; t) = u x (1; t) = 0:
Under mild hypothesis on f and Robin Boundary conditions (see below), Zelenyak 8 ] proved that the !-limit set of each solution is a stationary solution. Hale and Sakamoto's goal was to prove the existence and determine the stability of equilibrium solutions of (1) that exhibit n internal transition layers. To do that, they assumed that f veri es the following hypotheses:
H1. f : R ?1; 1] ! R is a C 1 {function of (x; u) with f(x; 0) = 0, f(x; 1) = 0. Assuming hypothesis H1, H2 and H3, they constructed approximate solutions that exhibit n internal transition layers from 0 to 1 or vice-versa. Using these approximations, they applied the Liapunov-Schmidt method, to obtain the existence of exact solutions of (1) with the same type of layers. Their method also produced results about the stability of these solutions and, in particular, they proved that the rst n eigenvalues of a solution that exhibit n internal transition layers are of order .
Our goal in this article is to obtain analogous results on existence and stability of solutions of (1) that, in addition to possible internal layers, have boundary layers. We will work with the following Robin Boundary conditions: 0 l ; r 1; l ; r 2 R, 8 > > < > > : l u(?1; t) ? (1 ? l ) u 0 (?1; t) = l ; r u(1; t) + (1 ? r ) u 0 (1; t) = r : (3) With these boundary conditions, we may have solutions that exhibit boundary layers at both, one or none of the endpoints of the interval ?1; 1]. If they exist, the layers may connect some value u = u l (resp. u = u r ) at the endpoints with u = 0 or u = 1 inside the interval ? If l 6 = 1 (resp. r 6 = 1) we will assume that there exist 2 (0; 1) such that G(p; q; ) = 0, f(p; ) 6 = 0, and G(p; q; u) < 0 if u is between and q. Otherwise, we will assume that f(?1; l ) 6 = 0 and G(?1; q; u) < 0 if u is between q and l (resp. substitute ?1 by 1 and l by r ).
For the rst case, the hypothesis guarantees that if l 6 = 1 (resp. r 6 = 1) there is a homoclinic orbit around q. For the second case, it guarantees that there is a piece of the stable manifold of q that extended at least until l (resp. r ).
In particular, for the example (2), if l 6 = 1 (resp. r 6 = 1), there are solutions that exhibit a boundary layer on the left (resp. right) endpoint of the interval if c(?1) < 1=2 (resp. c(1) > 1=2)|see Figure 1 . If l = 1 (resp. r = 1), there are solutions that exhibit a left (right) boundary layer that connects l (resp. r ) with one (resp. zero) for all l 2 (0; 1) (resp. for all r 2 (0; 1)). Also there are solutions that exhibit a left (resp. right) boundary layer that connects l (resp. r ) with zero (resp. one) if l (c(?1)) (resp. r (c(1))) where (c) = 8 > > < > > : ( Figure 1 From a variational point of view, hypothesis H1{H4 represent the existence of minimizers of a certain functional. This approach is followed in 5, 2]. Their method produces existence of steady states of (1) that exhibit boundary and internal layers, but it does not tell us anything about their stability as solutions of (1). The approach followed in 3] has the advantage of providing existence as well as stability results.
To proceed with that method, we construct approximate solutions u = u(x) to 
and study the linearization of (4) around these approximate solutions. Then, to prove the existence of exact solutions of (4) 
An Approximate Solution
We are now going to construct an approximation U = U(x; ) to the equilibrium solution u of the equation (1) with the boundary conditions (3); that is, U will be an approximate solution to (4) .
We construct U by piecing together asymptotic approximations to each of the boundary and internal layers. Approximations to the internal layers were given in 3]. We prove next that we can apply the same procedure for the construction of the boundary layers and obtain an approximation of order 2 .
The Boundary Layers
We present in detail only the construction of the boundary layer that veri es the left boundary condition at x = 0 and goes down to zero, since the construction of the other boundary layers is very similar. We rst study the case l 6 = 1 and take care of any possible Dirichlet boundary condition afterward.
If we let s = (x + 1)= , s 2 (0; 1= ), and de ne Z(s; ) = u(?1 + s), _= d=ds, then Z will satisfy: 
Since f u (0; 0) < 0 by H2, the origin in the (z 0 ; _ z 0 ) plane for (6) is a hyperbolic critical point. Therefore, having a solution of (6) is equivalent to saying that the stable manifold of (0; 0) intersects the z-axis, which is guaranteed by H4 if we set z 0 (0) = . Then z 0 (s) is uniquely determined and there is a constant k 0 > 0 such that maxfjz 0 (s)j; j_ z 0 (s)jg k 0 e ? s ; s 0: Since zero is not an eigenvalue of A(+1) (again by H2), we conclude that equation (9) has an exponential dichotomy in (0; +1) (see 1]). Consequently, equation (7) has at least one bounded solution '(s). We can construct in nitely many other bounded solutions of the form z 1 (s) = C _ z 0 (s)+ '(s), with C 2 R|observe that _ z 0 (s) is a bounded solution of (9). Since z 0 (0) 6 = 0 by H4, we can choose
so there is a bounded solution z 1 (s) of equation (7) that also veri es the initial condition.
Since the forcing term in (7) This solution is unique. To see that, we multiply (7) by _ z 0 (s) and integrate from zero to in nity. Integrating the term z 1 (s) _ z 0 (s) by parts twice and using the fact the _ z 0 (s) is a solution of equation (9) 
Using estimations (8) and (10), the initial condition _ z 0 (0) = 0 of (6), and the fact that f(?1; ) 6 = 0 due to H4, we have that
For the case l = 1 (that is, the Dirichlet case), the left boundary condition for Z is Z(0; ) = l . This implies that z 0 (0) = l and z 1 (0) = 0. The hypothesis H4 guarantees that the stable manifold of (0; 0) in the plane (z 0 ; _ z 0 ) extends beyond l , giving us the existence of a bounded solution of problem (6) which veri es estimations (8) . Similarly as before, we can prove the existence of a bounded solution '(s) of equation (7) by using the theory of exponential dichotomies. Now, we can also construct many other bounded solutions of (7) of the form z 1 (s) = C _ z 0 (s) + '(s).
If _ z 0 (0) 6 = 0, then we can choose C = ?'(0)=_ z 0 (0), and so there is a bounded solution to (7) 
This is essentially the requirement that is stated in 3] to guarantee the existence of a bounded solution of (7) for the internal layers. But for us now, it is a consequence of the existence of a bounded solution of (7). Using the fact that '(s) is a solution of (7) So in this particular case we have in nitely many bounded solutions of (7) that verify the initial condition z 1 (0) = 0, namely z 1 (s) = C _ z 0 (s)+'(s).
From all of these solutions, we must pick up the one that is a limit of the z 1 (s; l ) as l converges to . In particular, _ z 1 (0; ) should be the limit of _ z 1 (0; l ) as l ! . This limit turns out to be zero. This implies that z 1 (s; ) is identically zero.
All of the other boundary layers are constructed by an analogous procedure. The internal layers are constructed similarly, although for them s 2 (?1; +1), and to prove their existence we have the freedom to chose their values at s = 0.
We will denote by i the layer that appears at the point x i , with i = 0; 1; : : : ; n; n + 1, and where x 0 = 0 and x n+1 = 1 correspond to boundary 
Matching the Layers and Estimation of the Error
We are now going to construct the approximation U(x; ) to an equilibrium solution u. Let We also need a function that is going to be zero in the intervals Proof Where our approximation U is constant and equal to 0 or 1, the function G U is zero. Therefore, we only need to consider carefully the layer zones. We distinguish two cases, depending on whether i is constant or not. The fact that f(x; 1) = 0 and the corresponding estimations (8) and (10) enable us to conclude the proof for this case.
As a last note, observe from (7) that the general Robin boundary conditions are veri ed up to order 
(resp. ?1 < s < 0) with the boundary condition (0) = 0 if l = 1 (resp. r = 1) and 0 (0) = 0 otherwise.
Proof We are going to consider only the left boundary layer because the proof for the right one is very similar. 
we can conclude that l is also bounded. And so is _ l because of the interpolation inequality ju 0 j 0 juj 0 + (2= )ju 00 j 0 ; for > 0:
We only need now to apply the Arzel a-Ascoli theorem to show that the eigenfunction l (?1 + s; ) converges to the solution of (19).
q.e.d.
In order to determine the stability properties of the boundary layers we need to study the limit of l ( ) (resp. r ( )) as ! 0. We will rst discuss the Dirichlet case in the following theorem. Proof Let us consider here only the left boundary layer since the analysis of the right one is very similar. First observe that our boundary condition l (0) (resp. r (0)) is zero and if we continue to move along the homoclinic orbit so _ z 0 (0) changes sign, l (0) (resp. r (0)) will also change sign.
To see this we need to normalize the eigenfunction (s). Since 0 (0) is di erent from zero, we can assign to it the value z 0 (0), which, in a neighborhood of the turning point of the homoclinic orbit, is always di erent from zero and make = 1. From (22) it follows that the eigenvalue would change sign in this case and the eigenvalue corresponding to the turning point would be zero. This normalization of the eigenfunction is valid in a neighborhood of the turning point of the homoclinic orbit because the eigenfunction corresponding to the eigenvalue at the turning point is precisely _ z 0 (s).
From the previous theorem it is obvious that the value of the Dirichlet condition corresponding to the turning point of a homoclinic orbit is a bifurcation point, where a stable and an unstable branch of solutions start up or die out. In any case, as can be seen in Figure 1 , there would always be another stable layer that connects all the points in the interval (0; 1) to the other xed point (the one that is not part of the homoclinic orbit).
For the rest of the Robin cases, the presence of a boundary layer automatically makes the solution unstable. This was shown to be the case for example (2) and c(x) a step function in 6] for the case of homogeneous Neumann conditions and in 4] for all the Robin cases. The next theorem extend this result to our more general setting. Theorem 3.4 (The Other Cases) If l ( ) (resp. r ( )) is the rst eigenvalue of L associated to the left (resp. right) boundary layer with l 6 = 1 (resp. r 6 = 1), then, for small enough, l ( ) (resp. r ( )) is positive. Proof If l 6 = 1 (resp. r 6 = 1), as goes to zero, we obtain an equivalent 
